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Based on the force balance among gravity, surface tension and magnetic force, interfacial instability between

ferrofluids and air can be generated under various magnetic fields. The boundary conditions are well discussed

to solve the magnetic augmented Navier-Stokes equation in a numerical way. To establish a theoretical model

applied for the discontinuous interfacial magnetization jump, the phase field method is applied. The detailed

physical meanings of flow field phenomena and interfacial results of magnetic fields are well presented with

thorough discussions. Two-dimensional and three-dimensional simulation results of interfacial instability have

been systematically studied in this study. The simulation results have a high accordance with the experimental

results, which indicates the accuracy of the physical model applied in this study.

Keywords : ferrofluids, interfacial instability, gradient magnetic field

1. Introduction

Ferrofluids, as a kind of special colloidal liquid material,

exhibit a unique property that perfectly combines the

magnetism of a solid magnet and the fluidity of a liquid.

The magnetism in ferrofluids, defined as superpara-

magnetism with zero coercivity Hc and remanence Br, is

different from that of traditional magnetic materials [1-4].

Based on the fluid magnetic property, ferrofluids are

widely applied in many fields, such as magnetic fluid

seals [5-9], medical surgery [10], energy absorbers [11]

and mineral screening [12-14]. The magnetism of ferro-

fluids provides them with special properties. One special

property is the formation of characteristic spikes in a

magnetic field [15-19]. The formation of ferrofluidic

spikes in a uniform magnetic field is called Rosensweig

instability [20, 21], which was initially discovered and

explained by Cowley and Rosensweig [22]. According to

Zelazo, the normal magnetic field is the primary driving

force for the interfacial instability [23]. In contrast, a

tangential magnetic field inhibits the formation of inter-

facial instability. However, some spikes can still form

when the tangential magnetic field is not sufficiently large

[23, 24]. Recently, many efforts have been made by other

researchers in the simulation of two-dimensional inter-

facial instability between ferrofluids and other immiscible

fluids. The Lattice Boltzmann Method (LBM) is a

convenient numerical approach, as it is relatively easy to

implement [25]. However, an obvious drawback of LBM

is that the physical parameters in the Navier-Stokes

equation are transformed into dimensionless quantities

that lack direct physical interpretation. LBM effectively

solves for the final steady state of the Navier-Stokes

equation, but at the cost of losing information about the

precise transient dynamics of the fluid. In recent years,

Zhang has employed an energy-based method to solve the

interfacial instability in ferrohydrodynamics (FHD) [26-

30]. Though effective, his method is complicated and

difficult to learn and implement. Due to the complexity of

that model, some unique parameters in his simulation are

difficult to compare with those in our work. Lavrove

raised an important point that the static force balance in

Rosensweig instability requires an initial surface de-

formation as initiation [31]. Without initial surface de-

formation, the liquid surface would remain in its meta-

stable state, remaining flat and smooth. Despite these

efforts, the exact mechanism of the magnetization jump,

which is attributed to the generation of spikes, remains

unclear. Even with the help of initial surface deformation,

the simulation convergence is not satisfactory. The mag-
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netization jumps at the interface between magnetic ferro-

fluids and a non-magnetic fluid can still cause significant

numerical divergence in the calculation of the magnetic-

augmented Navier-Stokes equation. To solve this dis-

continuity in boundary conditions, the Phase Field Method

(PFM) is applied as a major solution [26, 32]. The PFM

transforms the sharp discontinuity into a continuous

variation across a thin diffuse interface layer. With the

help of PFM, the simulation of interfacial instability

becomes possible.

In this study, many efforts were made to construct an

accurate spike generating process using the finite element

method (FEM). The visualized resultant spikes were well

distributed in a gradient magnetic field. The force balance

between gravity, surface tension, and magnetic forces was

scientifically and systematically characterized through

numerical methods. The well-distributed three-dimensional

spike matrix generated by the gradient magnetic field

proved the accuracy and efficiency of our FEM simulation

model. In this part of work, the magnetic field was no

longer restricted to being uniform. As a result, the periodic

spike matrix characteristic of Rosensweig instability was

transformed into a "lotus"-like pattern in the gradient

field. In addition to the clear distinct spike generation

results from interfacial instability, the boundary variation

based on the fluid force balance equation was systemati-

cally characterized. The bending of magnetic flux lines at

the interfacial boundary directly indicates that the boundary

exhibits a magnetization jump, which is attributed to

spike generation.

2. Results and Discussions

2.1. Governing Equations

The ferrofluids were placed in a container subjected to

both a gradient magnetic field and a gravitational field

(Fig. 1). Interfacial instability arises at the ferrofluid-air

interface. The magnetic flux line distribution depends on

the magnetic field intensity H (generated by the permanent

magnets) as well as the magnetization of the ferrofluids.

Assuming the total simulation area is defined as an

enclosed zone . The ferrofluids area is defined as area

F. The air zone is defined as area A. The fundamental

equations for MHD are Maxwell equations and Navier-

Stokes equation. As for Maxwell equations in ferrofluids,

there are some principles that always exist in :

        (1)

     (2)

     (3)

where parameter B is the magnetic flux density vector, H

is the magnetic field intensity vector, JS is the free current

density vector, D is the electric displacement vector, t is

the time, 0 is the permeability in vacuum, and M is the

magnetization vector. Eq. (1) represents flux conservation

of magnetic flux density. Eq. (2) is Ampère's circuital law.

For ferrofluids in a static magnetic field, the free current

density JS, when taken into consideration, is usually equal

to the eddy currents generated by the movements of

ferrofluids in the magnetic field. The eddy currents are so

weak that the influence of JS in ferrofluids zone F and

air zone F can be neglected. The electric displacement

vector D in the ferrofluids (as well as in air) is always

equal to zero because the electric field intensity vector E

in ferrofluids is zero in this study (D = E, where  is the

permittivity). Therefore, the magnetic field intensity H in

the ferrofluids is curl-free (  = 0). For H in the

ferrofluids, a magnetic scalar potential m can be conv-

eniently defined:

       in F and A  (4)

Based on Eq. (3) and Eq. (4), the magnetic scalar

potential m defined as a kind of potential field should

follow the Poisson’s equation:

      in F and A  (5)

where parameter R is the distance from the data point to

the origin of the coordinate system. As for Navier-Stokes

equation, it becomes strongly nonlinear due to the

introduction of magnetic Kelvin force [1, 24]:
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Fig. 1. (Color online) Schematic illustration of magnetic field

in simulation zone.
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      in F and A  (6)

where parameter mf is defined as the density of ferro-

fluids, t is the time, u is the velocity vector of the velocity

field, p is the pressure from the internal source, g is the

gravitational acceleration vector, and  is the viscosity of

ferrofluids. Eq. (6) is difficult to solve, the efforts done by

previous researchers is mainly based on the solving

approaches of this complex nonlinear equation. In this

study, the FEM is adopted to solve Eq. (6) in a numerical

way. The results of time varied flow field and magnetic

establish their variation process after placing the ferro-

fluids into magnetic field.

To calculate the final state of flow field, the boundary

conditions should be clarified. To define the boundary 

between ferrofluids and air, a phase function f(x, y, z) is

defined:

     at   (7)

Except for the volumetric force balance in Eq. (6), there

is another force balance at the interface that determining

the final position of interface between ferrofluids and air.

This kind of force balance is based on the magnetic

augmented Bernoulli equation, which is the same as the

Young-Laplace equation at the interfacial boundary :

 at  (8)

where the parameter en is defined as the unit normal

vector of interface ,  denotes the surface tension, Z is

the vertical coordinate of free surface , Pr is the constant

relative pressure. To solve Eq. (8), phase function defined

in Eq. (7) is needed. The key problem in solving the Eq.

(8) is the solution of unit normal vector en of the

unknown interface (x, y, z). Therefore, we can introduce:

      (9)

Then an implicit equation of (x, y, z) can be obtained

from Eq. (8) by taking the gradient of both sides of the

equation:

where parameters Mx, My and Mz are the magnetization

along with x, y and z direction, respectively. Based on Eq.

(10), the unknown interface (x, z) can be solved by FEM

in simulation software Comsol Multiphysics.

2.2. Boundary conditions for coupled field of magnetic

field and flow field

In the FEM simulation process, the boundary conditions

for the coupled magnetic and flow field system are

important for solving the unknown interface (x, y, z) in

Eq. (10). Since the solution domain encompasses a

coupled magnetic-field and flow-field system, the solution

process requires integrating the boundary conditions of

both fields. The main boundary conditions are presented

in Fig. 2. The magnetic boundary conditions are all set as

Dirichlet boundary conditions. For the outer boundaries

of simulation zone, the magnetic scalar potential m2 is

all set as 0, which corresponds to the magnetic scalar

potential at infinity. As for the bar magnet, the symmetry

axis between the two magnetic poles can be set as the

zero potential line. The magnetic scalar potential of the

north pole at the top of the magnet is defined as m1. The

simulation domain for the fluids is artificially established

as a rectangular zone presented in Fig. 2. The outer

boundary condition of the fluids’ zone is set as a wetting

wall boundary condition (based on the Young-Laplace

equation):

     (11)

where parameter un is the velocity component normal to

the boundary,  is the contact angle between the two

fluids, SA is the surface energy density between air and

wall, and SF is the surface energy density between

ferrofluids and wall. In this study, the contact angle  is
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Fig. 2. (Color online) Fundamental boundary conditions set-

tlements in simulation zone.
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defined as /1.8 rad.

2.3. Rosensweig instability: generated from a uniform

field intensity H0.

Once the fluids domains are placed an initially uniform

magnetic field intensity H0, the generated interfacial

instability between ferrofluids and air is defined as the

Rosensweig instability. The Rosensweig instability is also

called normal field instability, in which ferrofluids tend to

exhibit the periodic repeated spike matrix. Based on the

aforementioned physical models, simulation of Rosensweig

instability is carried out. The basic setup of the boundary

conditions in simulation is presented in Fig. 3. To generate

the normal field instability, the magnetic scalar potential

m1 is settled as a constant, which ensures the constant

magnetic field intensity H1 is parallel to the z direction.

Besides, the fluids simulation domain is enlarged to match

the outer Dirichlet boundary of magnetic simulation

region, which ensures the uniformity of the magnetic

field. The left and right boundaries are manually set as

magnetic insulation boundaries, which indicates that the

normal magnetic field intensity at the boundary is set to

zero.

At the interface , there is a value jump resulted by the

discontinuity of magnetic field intensity H along with the

normal direction of interface , as presented in Fig. 3. The

discontinuity of H is accorded with the fact that the

magnetic field intensity only continues in tangential

direction of interface  according to the Ampere circuital

theorem in Eq. (2). The magnetic force resulting from the

magnetization jump, surface tension and gravity constitutes

of the major components of forces that establish the

Rosensweig instability. The fundamental physical-chemical

properties of ferrofluids applied in this study are well

provided in Table 1.

Once the magnetic field intensity H is applied to the

ferrofluids and air, the magnetic surface force originated

from the magnetization jump is instantly generated at the

interface between ferrofluids and air. Meanwhile, the flow

field determination of ferrofluids is timely controlled by

the Eq. (6). The non-linear jump value of magnetization

M and magnetic field intensity H at the interfacial

boundary  is participating the establishment of a multi

force balance among the gravity, kelvin force and surface

tension. With the help of the phase function  defined in

Eq. (7), the two-phase flow of Rosensweig instability can

be well distributed. The interface  between ferrofluids

and air is manually settled as phase function  equals to

0. As presented in Fig. 4, the well distributed spikes’

generations are presented. The simulation is based on the

183812 triangular grids with good grid independence. In

simulation, the magnetic scalar potential m1 and m2 are

settled as 4000 A and 0 A, respectively. The property of

constant critical wave length c has been given by

Rosensweig [1, 22, 33]:

Fig. 3. (Color online) Schematic illustration of magnetic

boundary conditions in uniform magnetic field.

Table 1. Fundamental parameters of ferrofluids applied in sim-

ulation.

Parameters Symbol Value

Density  1300 kg/m3

Saturated magnetization Ms 43.1 kA/m

Interfacial surface tension  30 mN·m

Gravitational acceleration g 9.8 m/s2

Viscosity  0.1 Pa·s

Initial susceptibility i 0.75

Fig. 4. (Color online) Simulation results of time varied gener-

ation of two-dimensional Rosensweig instability. (a) t = 0 s.

(b) t = 0.05 s. (c) t = 0.5 s. (d) t = 1.0 s.
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   (12)

where parameter  is the surface tension,  is the density

of ferrofluids and g is the gravitational acceleration. As

shown in Fig. 4, the critical wave length c in two-

dimensional simulation results (c ~ 10 mm) are well

fitted to the theoretical results of Rosensweig instability

for constant wave length c (c = 9.64 mm).

Except for two-dimensional (2D) Rosensweig instability

simulation, three-dimensional (3D) Rosensweig instability

has also been characterized in this study. Similar as 2D

conditions, the 3D models are established in a rectangular

prism, as presented in Fig. 5. The boundary conditions are

mainly the same as 2D condition. The four side walls of

rectangular simulation region are all settled as magnetic

insulate boundaries. The magnetic scalar potential m1

and m2 are settled as 1550 A and 0 A, respectively. The

height h of simulation region (rectangular prism) is settled

as 60 mm. The value of as generated magnetic field

intensity H1 in 3D results is almost as large as field

intensity value in 2D results. In 3D simulation, ferro-

fluids’ zone Occupy bottom one third of the container's

volume (simulation rectangular prism). The interface

between ferrofluids and air, defined as unknown surface

, can be solved by FEM. The definition of surface  is

the phase function  equals to 0. As the critical wave

length is deduced as a constant (c = 9.64 mm) in Eq.

(12), the peak numbers can be controlled by the edge

length L of the simulation flow field (edge length of

bottom square of rectangular prism). To construct the

stable instability with integar number peaks, the edge

length L of simulation zone in Fig. 6 and Fig. 7 are settled

as 40 mm and 60 mm, respectively. The value of actual

wave length a is slightly larger than the critical wave

length c, due to the boundary effects. If the edge length

L of 3D simulation region is enlarged to infinity, the

actual wave length a would as large as theoretical critical

value (c = 9.64 mm). 

As presented in Fig. 6 and Fig. 7 the interface  is

gradually evolving into the shape of periodic repeated

spikes, which is the unique pattern of spikes of Rosens-

weig instability. The simulation results in Fig. 6 and Fig.

7 are based on the 1203579 and 4529205 tetrahedral grids

with good grid independence, respectively. The matrix of

spikes is determined by the boundary conditions and

wave lengths of instability spikes. To stimulate the

generation of instability, some initial surface deformations

are introduced, as presented in Fig. 6a and 7a.

Except for the simulation, some experiments of instability

between ferrofluids and air have been designed. The

2
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
 




Fig. 5. (Color online) Fundamental definitions of 3D simula-

tion region.

Fig. 6. (Color online) 3D simulation results with edge length L

equals to 40 mm of interface  at different time. (a) t = 0 s. (b)

t = 0.05 s. (c) t = 0.5 s. (d) t = 1.0 s.

Fig. 7. (Color online) 3D simulation results with edge length L

equals to 60 mm of interface  at different time. (a) t = 0 s. (b)

t = 0.05 s. (c) t = 0.5 s. (d) t = 1.0 s.
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ferrofluids in experiment is kerosene oil based. As

presented in Fig. 8a, the quartz container, which is non-

magnetic, is placed on a cubic permanent magnet with

remanence Br equals to 300 mT. The value of magnetic

field intensity generated by magnet is well accorded to

the value of simulation field intensity in Fig. 6 and Fig. 7.

Using a cubic magnet with top north pole can generate an

approximate uniform magnetic field at the central of

container. The as generated magnetic field can make the

ferrofluids (saturated magnetization 22.4 kA/m, viscosity

100 mPa·s, density 1300 kg/m3) to generate the Rosens-

weig instability within a small central region. As shown

in Fig. 8b, the central spikes are exhibiting well periodic

pattern of spikes. According to the results in Fig. 8c, the

pattern of spikes is showing square pattern, which is well

fitted to the simulation results presented in Fig. 6 and

Fig. 7.

2.4. The instability in gradient magnetic field

The magnetic field intensity H generated by a certain

permanent magnet is always accompany with some

gradients of magnetic field intensity . The vector

components tangential to the initial flat ferrofluids surface

will have an inhibiting effect in generating the special

spikes. If the tangential directional field intensity vector

Ht on interface  is greatly larger than the normal

directional vector of magnetic field intensity Hn, the

interfacial instability might not occur [23, 24, 34]. Since

the tangential directional field intensity Ht can have

influence on the shape of spikes in interfacial instability,

the simulation of instability has been systematically

characterized through the FEM. 

H

Fig. 8. (Color online) Interfacial instability between ferrofluids

and air. (a) experimental environments establishment. (b) side

view of instability. (c) top view of instability.

Fig. 9. (Color online) Simulation results of time varied generation of 2D interfacial instability in gradient magnetic fields. The vol-

ume ratio between ferrofluids and air is settled as 1/4. (a) t = 0 s. (b) t = 0.05 s. (c) t = 0.5 s. (d) t = 1.0 s. (e) t = 2.0 s.
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Based on the aforementioned physical models in

chapter 2.1 and 2.2, simulation of gradient magnetic field

instability is carried out. Different from the uniform field

generated Rosensweig instability (periodic spikes), the

magnetic field in part of study is accompanied with a

non-zero tangential directional field intensity Ht. This

kind of magnetic field with radiate flux lines as well as

presented in Fig. 1 is defined as “gradient magnetic

field”. There is a manually defining difference between

magnetic scalar potentials in gradient magnetic field and

in uniform magnetic field. The magnetic scalar potential

m1 on the bottom of simulation zone is no longer settled

as a constant in Rosensweig instability. The settled

magnetic scalar potential m1 (A) is defined as:

       (13)

where parameter x (mm) is the coordinate of bottom of

simulation flow field zone, L (mm) is the width of

simulation flow field zone. The settlement of magnetic

scalar potential m1 in Eq. (13) is defined based on the

potential function of a real magnet. The interface 

between ferrofluids and air is manually settled as phase

function  equals to 0. The flow fields shown in Fig. 9

exhibits an establishing process of well-constructed inter-

facial instability in gradient magnetic field. The simulation

is based on 55054 triangular grids and 49706 square grids

with good grid independence. The instability shape in this

kind of gradient magnetic field is seeming like a blossom

lotus, as presented in Fig. 9. 

The flow field results are always associated with the

magnetic field in simulation of ferrofluids. In Fig. 10, the

resultant distribution of magnetic field intensity H related

to flow field results in Fig. 9e is presented. In this part of

study, the volume ratio between ferrofluids and air is

settled as 1/4. As shown in Fig. 10a, the magnetic flux

line is all originated from the upper position of magnet,

which defined as the magnetic scalar potential m1 in Eq.

(13). As shown in Fig. 10b, according to the simulation

results obtained by model in this study, the magnetic flux

line is not that “continuous” at the boundary of the spikes.

The boundary flux lines are tending to bending as a

“kink” at the solved boundary . The bending flux line at

the interface  is a symbol of jump values of

magnetization which are responsible for the magnetic

force at the interface  between ferrofluids and air. The

enlarged area of a spike provided with a clear boundary

of magnetic field intensity between ferrofluids and air

zone, indicating that the magnetic field intensity H also

has a value jump as well as magnetic flux density B at the

interface.

Once the volume ratio between ferrofluids and air

decreased to 1/10 accompanied with other basic settings

remaining unchanged, as presented in Fig. 11, the

generated instability exhibits different shapes of spikes.

The interface  between ferrofluids and air in simulation

is manually settled as phase function  equals to 0. As

compared with spikes in Fig. 9e, the special spikes in Fig.

11 become sharper and taller. This result can be attributed

to the increasing values of magnetic field intensity H and

gradients of the magnetic field intensity  in Fig. 11.

The as settled magnetic scalar potential m1 is the same

as defined in Eq. (13). The ferrofluids in Fig. 11 is under

a magnetic field intensity H with larger intensity and

gradients, as the ferrofluids are closer to the “pole” of the

settled the surface of magnetic scalar potential m1. The

as magnetic field intensity H in magnet, which is at the

bottom of as defined layer of magnetic scalar potential

  
0.4

1
12000 cos / 2

m
x L  

H

Fig. 10. (Color online) Simulation results magnetic field distribution of 2D interfacial instability in gradient magnetic fields.
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m1, is as large as 348 kA/m as presented in Fig. 10. The

value of magnetic field intensity H is decreased along

with the increment of the value of z coordinate, which

can be attributed to the divergence of magnetic flux lines.

The interfacial instability simulation results in Fig. 11d

are accompanied with complex magnetic field results. In

this part of study, the magnetic field characterization is

based on the flow field at that moment presented in Fig.

11d. As presented in Fig. 12, the ferrofluids exhibit a well

separate spikes’ distribution at the center of the simulation

area. When characterizing the enlarged area of the central

two spikes exhibited in Fig. 12, the magnetic flux lines

still bending at the solved interfacial boundary  of the

spikes. This result of bending flux lines at interfacial

boundary  is the same as the result in Fig. 10. Except for

the magnetic flux bending at the boundary , the spikes

are separated as a individual due to insufficiency of

ferrofluids. The contact angle between ferrofluids and

bottom boundary is settled as /1.8 rad, which indicates

that the wettability between ferrofluids and walls is

manually arranged to become poor. 

Once the 3D simulation result is considered, some

adjustments in magnetic field needed to be taken to

generate instability under gradient magnetic field. The

original fundamental definitions of simulation zone are

defined in Fig. 5. The interface  between ferrofluids and

air in simulation is manually settled as phase function 

equals to 0. The magnetic scalar potential m1 (A) in this

part of study is defined as:

      (14)

where parameter R = 36 mm is the radius of cylindrical

simulation zone. Parameter x and y are the axial coordi-

nate at x and y direction, respectively. The definition

domain for x and y are defined as x ∈ (36,36) and y ∈

(36,36), respectively.

The interface  results at certain moments are presented

in Fig. 13. The simulation is based on the 7315266

tetrahedral grids with good grid independence. With the

help of magnetization jump on the boundary , the time

related boundary  can be solved by Eq. (6) and Eq. (10).

The 3D simulation results are showing ring-cycle

distributed spikes. The interfacial instability of spikes is

all originated gradient magnetic field, constructing the

force balance between magnetic force, gravity and surface

tension. It is worthy mention that, the critical wave length

of spikes are not that easy to be defined, because the

spikes are ring-cycle locating, instead of periodic locating

0.4
2 2

1
4200 cos

2
m

x y

R


 
    
 
 

Fig. 11. (Color online) Simulation results of time varied gen-

eration of 2D interfacial instability in gradient magnetic fields.

The volume ratio between ferrofluids and air is settled as 1/10.

(a) t = 0 s. (b) t = 0.05 s. (c) t = 0.5 s. (d) t = 2.0 s.

Fig. 12. (Color online) Simulation results magnetic field distribution of 2D interfacial instability at central spikes.
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on a straight line as in 2D model. Once the cubic magnet

in Fig. 8a is replaced by a cylindrical magnet with

remanence equals to 230 mT, the ferrofluids can be

regarded as located in a gradient magnetic field given in

Eq. (14). The experimental results of interfacial instability

are well presented in Fig. 14. The experimental results in

Fig. 14 shows a ring-cycle distributed spikes, which is

highly accorded with the simulation results in Fig. 13d. It

indicates that the simulation results of interfacial instability

in gradient magnetic field are accurate and useful.

3. Conclusion

In this study, the spike generation resulting from inter-

facial instability between ferrofluids and air was investi-

gated. The phase field method (PFM) was implemented

in COMSOL Multiphysics to examine the generation of

interfacial instability. The boundary conditions for both

the flow field and magnetic field were well established

for various magnetic fields configurations. Boundary

conditions are crucial for solving partial differential

equations (PDEs), as they not only simplify the solving

process but also reduce the degrees of freedom of the

PDEs. The Navier-Stokes equation, which currently lacks

an analytical solution, relies on boundary conditions to

obtain numerical solutions. Interfacial instability between

ferrofluids and air was modeled by solving the augmented

Navier-Stokes equation with magnetic forces and surface

tension. Using this simulation approach, detailed 2D and

3D simulation results of interfacial instability under

different magnetic fields are presented.

The main contributions of this study are summarized as

follows:

1. Systematic discussion of boundary conditions: The

phase field method was employed to address the force

continuity deficiency at the interfacial boundary  between

ferrofluid and air. With appropriate boundary conditions,

interfacial instability can be conveniently solved numeri-

cally. The bending magnetic flux lines are another mani-

festation of magnetic pressure originated from magneti-

zation jump.

2. Based on the definition of interfacial boundary  in

the phase field method (where the phase function 

equals 0), 3D interfacial instability simulation results

between ferrofluids and air are visually presented. 

3. The 3D simulation results agree well with experi-

mental data, indicating that both the theoretical model and

simulation exhibit high accuracy.
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