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The hybrid nanofluid (HNF) presents superior thermal impact and stability in contrasting to traditional nano-

fluid, making them more suitable for peak thermal results in thermal systems and solar energy. This investiga-

tion presents optimize thermal performances of Casson-micropolar hybrid nanofluid (HNF), containing

suspension of single-walled carbon nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTs). The

role of base fluid is specified by using ethylene glycol (EG) base fluid. The flow is confined by curved stretched

surface. Heat transfer analysis is subject to applications of thermal radiation effects and variable thermal con-

ductivity. A complex system of equations is developed for formulated model which is numerically solved with

help of shooting technique. Comparative assessment for heat transfer is addressed for three recognized nano-

fluid models namely Xue, Tiwari-Das and Yamada-Ota models to examine the prediction for CNT-nanofluid.

The results show that the Yamada-Ota model exhibits superior thermal impact as compared to Xue and

Tiwari-Das models. The quantitative observations show that the Yamada–Ota model predicts approximately 1-

7% higher Nusselt number, based on the flow parameter. However, in case of Tiwari–Das model, the Yamada–

Ota model increase the Nusselt number approximately 100-175%, justifying the significance of anisotropic con-

ductivity modeling in carbon nanotubes. 

Keywords : carbon nanotubes, variable thermal conductivity, thermal radiation, curved stretching surface, numerical

computations

1. Introduction

The nanomaterials are colloidal decomposition generated
by nanoscale particles into some base materials. The
nanofluids occupies enhanced convective thermal performance

and impressive conducting features. These fluids account
larger surface area to volume ratio, particle-fluid
interaction and interfacial layering which are used to
promote the energy transport features. The nanofluids
have increasing demand in cooling processes, micro-
electronics, modern heat management systems etc. This
topic is exclusively studied by various researchers.
Nadeem et al. [1] analyzed the axisymmetric flow of
nanofluid in Riga plate. Alblawi et al. [2] accounted the
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Casson nanofluid rheological dynamic and thermal features
in both fixed and moving frame of references. Thi et al.

[3] addressed the formation of ε-Fe2O3 Nanoparticles to
investigate the heat transfer enhancement. Recent ad-
vancements in nanotechnology brought the idea of hybrid
nanofluid (HNF), decomposition of two or more different
nanoparticles with base liquids. The hybrid nanofluid
(HNF) are promising category of nanomaterials with peak
thermal features and enhanced energy capacity. The HNF
benefit from synergistic interactions within different
nanoparticles with leading energy transport impact and
high conducting performances. HNF are preferred in solar
systems, nuclear systems, thermal collectors, next gene-
ration cooling systems etc. The scientists have proposed
various HNF models in complex systems to tailor the
thermo-physical prospective. The research on HNF is
diverse and many researchers has studied thermal pro-
spective of these materials with different flow features.
For instance, Abbas et al. [4] observed thermal rheology
of HNF in nonlinear stretched cylinder subject to inclined
magnetic force. Saeed et al. [5] observed the boosted
thermal impact associated to curved surface flow of HNF
with non-inertial effects. Aladdin et al. [6] focused to
vertical cylinder flow of HNF impacted with thermal
radiation features. Acharya et al. [7] examined the thermal
reflection of heat transfer due to HNF in a micro-wavy
channel. Implication of non-classical Fourier model to
study heat transfer due to HNF has been predicted by
Hayat et al. [8]. Rahman et al. [9] explored thermal
analysis containing titanium oxide and iron nanoparticles
in rotating disks. Acharya [10] explored the buoyancy
driven flow of multi-walled carbon nanotubes comprises
by annular enclosure. The influence of fitted curved fins
curvature on flow behavior of hybrid nanofluid with
additional impact of entropy generation was predicted by
Acharya [11].

Khalatbari et al. [12] performed literature review on
hybrid nanofluid suspension subject to different thermal
features. Research illustrating the buoyancy force of HNF
through semi-circular chamber with triangular heater was
addressed by Acharya and Öztop [13]. Nayak et al. [14]
determined the nonlinear radiation effects in assisting of
HNF with optimized simulations. Sheikholeslami et al.

[15] explored thermoelectric power generation subject to
HNF via experimental data. Sharma et al. [16] accounted
the HNF heating impact in conical gap configuration with
assessment of shape features. Thermal consideration of
silver, cobalt ferrite and titanium dioxide nanoparticles
with Darcy media was pronounced by Reddy et al. [17].
Venkateswarlu et al. [18] explored HNF thermal properties
and synthesis under influence of electromagnetic force.

Sensitivity analysis in spinning sphere confined by hybrid
nanofluid was visualized by Thumma et al. [19].

The carbon nanotubes (CNTs) are cylindrical structures,
containing carbon atoms arranged in hexagonal lattice.
Subject to unique structure, the carbon nanotubes (CNTs)
possess exceptional mechanical, thermal and electrical
characteristics. CNTs when dispersed in base materials,
results a peak conductive nanofluids which attains unique
flow behavior under diverse physical constraints. The
dynamic of CNTs are impacted with different factors like
base fluid features, amplification of magnetic force,
electric force, pressure gradients etc. The significance of
CNTs are justified in advanced energy systems, high
efficiency cooling technologies, microfluidics and several
biomedical applications. The CNTs are classified into two
basic types like single-walled carbon nanotubes (SWCNTs)
and multi-walled carbon nanotubes (MWCNTs). SWCNTs
consisting of single layer of graphene rolled structure
with diameter 0.4 to 2 nm. On other hand MWCNTs
represent the multiple layers structure of graphene
arranged within one another. The structure of MWCNTS
lies between 2 to 100 nm. Mahmood et al. [20] imple-
mented the anisotropic slip insight for study thermal
prospective of carbon nanotubes (CNTs) with help of
Yamada-Ota model. Bashir et al. [21] deduced Darcy–
Forchheimer features in CNTs with induction of magnetic
force. Samat et al. [22] determined thin needle transport
of CNTs by proposing numerical and research surface
tools. Explanation of CNTs in porous duct following
peristaltic phenomenon has been responded by Akbar et

al. [23]. Naeem et al. [24] presented comparative heat
transfer results due to CNTs with help of Yamada Ota and
Xue models. Results exploring the thermal progressive of
CNTs due to curved surface has been studied by Roopa et

al. [25]. Rajput et al. [26] claimed heat transfer due to
CNTs with slip effects by computing multiple solutions.
Ishtiaq et al. [27] simulated non-similar computations for
ternary HNF by following the Yamada-Ota and Xue
models. Behera et al. [28] expressed thermal reputation of
HNF in curved surface with porous layer. Shaw et al. [29]
responded the inertial impact in HNF due to thin needle
by using the Buongiorno nanofluid model.

Although the study of carbon nanotubes has been
exclusively studied, most existing investigations adopt a
single thermo-physical without presenting comparative
review of Yamada–Ota, Xue, and Tiwari–Das models.
Moreover, comparative thermal aspects of Yamada–Ota,
Xue, and Tiwari–Das models through curved surface has
not been explored yet. This investigation proposed com-
parative simulations for flow of carbon nanotubes (CNTs)
by employing three famous nanofluid models namely
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Yamada-Ota, Xue, and Tiwari-Das models. The carbon
nanotubes (CNTs) properties are explored due to suspension
of single-walled carbon nanotubes (SWCNTs) and multi-
walled carbon nanotubes (MWCNTs) with ethylene glycol
(EG). Heat transfer features are addressed by using
radiated effects and assumptions of variable thermal
conductivity. Numerical data for modeled problem is
attained with help of shooting technique. An elastic
curved stretched sheet is assumed to generates the flow.
Comparative thermal evaluation of heat transfer impact is
examined comparatively for Yamada-Ota, Xue, and Tiwari-
Das models. The results show new insights into analyzing
thermal transport in HNF flow through complex configu-
rations, thermal management in aerospace engineering
and solar system. 

2. Problem Formulation

Let us assume steady, laminar flow of Casson-
micropolar HNF due to curved stretched surface. Let x

denotes the radial axis while S be arc length of surface.
Denoting the curvature with R1. Assuming U and W be
velocity component along the radial axis and arc length,
respectively. Magnetic force is assumed normal to the
flow. The wall velocity is defining with Uw, micro-
rotation component is surface N, temperature with tw
while  is associated to ambient temperature. The
variable thermal conductivity and thermal radiation
consequences are followed in heat equation. Following
governing equations have been modeled under such flow
constraints [30, 31]:

(1)

(2)

(4)

Boundary conditions are [30, 31]:

U = 0, T = , N = 0, at . (6)

with Casson fluid coefficient , vertex viscosity k*,
electrical conductivity hnf, HNF density hnf, magnetic
field strength, B0, thermal conductivity khnf, radiated flux
qr and specific heat (Cp)hnf. Table 1 proposed physical
quantities of HNF via mathematical expressions. 

For micropolar fluid, the rotating gradient viscosity hnf
is defined by:

(7)

with micro-inertia j. Following new variables are defined
for simplifying the system [30, 31]:
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Table 1. HNF thermal characteristics with help of mathemat-

ical relations [28, 29]. 

Properties Hybrid nanofluid

Density

Heat 

capacity

Dynamics 

Viscosity

Thermal 

Conductivity

1 2
1 1 2 2

(1 ).(1 ) .
hnf

s s

f


     


   

1 2
1 1 2 2

( )
( ) (1 )(1 ) ( )

( )

p hnf

p s p s

p f

C
C C

C


     


   

2.5 2.5

1 2

.
(1 ) (1 )

f

hnf




 


 

2 2

2 2

1 1

1 1

2

2

1

1

( 1) ( )( 1)

( 1) ( )

( 1) ( )( 1)

( 1) ( )

s bf bf shnf

bf s bf bf s

s f f sbf

f s f f s

k n k k k nk

k k n k k k

k n k k k nk

k k n k k k









    



   

    



   



 262  Magnetic Induction and Heat Transfer Analysis of Carbon Nanotubes Over Curved Surfaces
…

 Sami Ullah Khan et al.

(9)

Simplified system is:

(10)

(11)

(12)

with

The pressure gradient has been eliminated by using Eq.
(9) in Eq. (10) as follows [30, 31]:

(15)

(16)

Here,

(18)

Dimensionless form is:

(20)

with Reynolds number 

3. Three Hybrid Nanofluid Models

In thermal engineering, three famous nanofluid models
are defined by Yamada-Ota, Xue and Tiwari-Das models.

3.1. Yamada-Ota Model

Yamada–Ota is based on anisotropic thermal conductivity
features of CNTs. This model preserves exceptional axial
thermal aspects of CNTs. Mathematical expressions for
this model are: 
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3.2. Xue Model

The formulation of Xue model is based on enhancement
of thermal conductivity in nanofluid comprising the
cylindrical nanoparticles like CNTs. 

(23)

(24)

3.3. Tiwari-Das Model

This model is based on implementation of theory of
classical nanofluid subject to volume fraction approach by
expressing the thermo-physical features as function of
nanoparticles concentration.

(25)

(26)

4. Solution Methodolgy

Numerical simulations for complex modeled system are
performed with help of shooting technique. The shooting
method is effective numerical scheme which is preferred
due to excellent convergence. This solver effectively
tackled various nonlinear problems with excellent accuracy.
For shooting method, first order system is attained by

using appropriate variables: 

(27)

(27)

(28)

(29)

(30)

(31)

(33)

2 2

2 2 2 2

2

2

0.2 0.2

2 2 2 2

2 2

1 1 2 ln
2

,

1 2 ln
2

s s bfbf bf

s s s bf shnf

bf s bfbf

s bf bf

k k kk L k L

k R k R k k kk

k k kk

k k k

   

 

     
                  

   
          

(21)

1 1

1 1 1 1

1

1

0.2 0.2

1 1 1 1

1 1

1 1 2 ln
2

.

1 2 ln
2

s s ff f

s s s f sbf

f s ff

s f f

k k kk L k L

k R k R k k kk

k k kk

k k k

   

 

     
                  

   
          

(22)

2 2

2

2

2

2 2

2 2

1 2 ln
2

,

1 2 ln
2

s s bf

s bf bfhnf

bf s bfbf

s bf bf

k k k

k k kk

k k kk

k k k

 

 

   
          

   
          

1 1

1

1

1

1 1

1 1

1 2 ln
2

.

1 2 ln
2

s s f

s f fbf

f s ff

s f f

k k k

k k kk

k k kk

k k k

 

 

   
          

   
          

    

   
2 2

2 2

2

2

1 1
,

1

bf s bf shnf

bf bf s bf s

n k k k k nk

k n k k k k





    



   

    

   
1 1

1 1

1

1

1 1

.

1

f s f sbf

f f s f s

n k k k k nk

k n k k k k





    



   

(1) ( ), (2) ( ), (3) ( ), (4) ( ),

1 ( )iv

Z f Z f Z f Z f

ZZ f

   



   



  

   

   

   

1

2.5 2.5

1 2

2.5 2.5

1 2

2 3

1 1
1

1 1

1 1

1 1

1 1 2
(3) (2) (4)

f

hnf

f

hnf

ZZ

Z Z Z
xx x




  




  

 



  
     

     

 
       

 
   
   

 
 

 

 
 

 



2

3

2

2

(1) (4) (2) (1) 2 (2)

3
(3) (2) (3) (1) 7 (2)

1
4 (3) (2) 2 (2) (3) ,

hnf

f

Z Z Z Z x Z
x x

Z Z Z Z Z
x x

xZ Z ZZ M Z Z
x

 

 

 

 




 

   
  

  
 

 
  



  






(5) ( ), (6) ( ), 2 ( )Y g Y g YY g      

   

   

1

2.5 2.5

1 2

2.5 2.5

1 2

1
2

21 1

1 1
(6)

2 21 1

1
2 (5) (3) (2)

(5) (2) (1) (6) ,

f

hnf

f

hnf

ZZ

Z
x

Z Z Z
x

Z Z Z Z
x x

 

  

  

  




 

 



  
    

     

   
      

 
   

 


  

  

(6) ( ), (7) ( ), 3 ( )Z Z ZZ         

 

 

 

 

1

2

1 4
3 1 (7)

3

1 4 1
1 (7) (8) (8)

3

(1) (8) 2 (7) (2) .

phnf f

f rp hnf

phnf f

f rp hnf

Ck
ZZ N Z

k PC

Ck
N Z Y Z

k P xC

Z Z Z Z
x x









 


 

 



 
        

 


          



 
   

  
(32)

1
(1); (2) 1; (7) 1 (8); (5) (3).

hnf

f

k
Z Z Z Z Z nZ

k
   



 264  Magnetic Induction and Heat Transfer Analysis of Carbon Nanotubes Over Curved Surfaces
…

 Sami Ullah Khan et al.

Zinf (1); Zinf (6)  1; Zinf (7); Zinf (3). (34)

A reliable solution accuracy is confirmed with 10-6. The
iterations of performed by maintaining the step size of

. After a finite truncation domain  is
adjusted beyond  The CPU time for computa-
tions is 5 to 20 seconds depending upon choice of
parameters. Table 2 proposed the validity of results by
comparing simulated findings of Abbas et al. [32] for
limiting case. The calculated results confirm great accuracy
with this analysis which ensure the solution validity.

5. Results and Discussion

Physical interpretation of problem is associated to
variation of flow parameters. Comparative simulations are
presented for Yamada-Ota model, Xue and Tiwari-Das
model. Fig. 1(a) incorporates the results for curvature
parameter  on velocity profile f '. Subject to increasing
variation of , the velocity profile gets enhancing trend.
The source of curvature parameter  is associated to
curved surface flow, quantifying the features of geometric
curvature on assessment of fluid behavior. Larger change
in  characterizes the bending of curved surface which
results in enhancement of fluid velocity. The improvement
in f ' is slower for Tiwari-Das model. The augmentation in
velocity profile is larger for Yamada-Ota model. The
variation of f ' against micropolar fluid parameter  has
been revealed in Fig. 1(b). A depletion in f ' is observed
due to . The results for Casson fluid parameter  is
privileged in Fig. 1(c). The velocity profile reduces for .
The reduction in velocity is physically associated to shear
thinning and thickening features.

0.002  


12.



Table 2. Comparing numerical findings with results of Abbas
et al. [32] for f '' (0) when M = 0.2.

 Abbas et al. [32] Present results

5 1.22881 1.22884

20 1.07541 1.07543

50 1.04849 1.04850

100 1.03982 1.03983

Fig. 1. (Color online) (a-c) Analysis for f ' due to (a)  (b)  and (c) .
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Fig. 2(a-b) complies the simulations for micro-rotation
velocity g due to curvature parameter  and micropolar
fluid parameter . An increasing change in g have been
revealed for  while declining impact in velocity change
has been observed for .

Fig. 3(a) presents the analysis for temperature profile 
by enhancing variable thermal conductivity parameter .
The heat transfer boosted with assumptions of variable
thermal conductivity. The enhancement in thermal profile
is more progressive for Yamada-Ota model. The conside-
ration of variable thermal conductivity is important in
various engineering systems where fluid is used as an
energy source. Fig. 3(b) incorporates the importance of
curvature parameter  on profile of . The depicted
results showing a decrement in  due to higher . Fig.
3(c) justifies the physical aspects of micropolar fluid
coefficient . The heat transfer enhances for enhancing
values of . The improvement in heat transfer is relatively
larger for Yamada-Ota model. In order to predicts the
influence of radiation parameter Rd on , Fig. 3(d) is
prepared. The radiation parameter predicts relative con-
tribution of thermal radiation to the heat transfer system.
The presence of radiative phenomenon leads to enhancement
of thermal profile. Such observations account special
applications in solar systems, heat exchangers, nuclear
reactors, solar collectors and combustion systems. In
order to assess the consequences of Casson parameter 
on , Fig. 3(e) is sketched. An enhanced thermal results
for heat transfer have been visualized . Physically,
higher  is associated to low shear rate which facilitates
the convective heat transfer process. 

Table 3 presents the comparative numerical variation
for skin friction coefficient Res

1/2Cf for Yamada-Ota, Xue
and Tiwari-Das models. Firstly, it has been clearly

observed that the numerical values for Yamada-Ota and
Xue are almost identical. The skin friction enhances due
to micropolar fluid parameter (), Casson fluid coefficient
() and nanoparticles volume fraction (1, 2). However,
change in curvature parameter shows reverse results on
wall shear force for these nanofluid models. The numerical
justification of Nusselt number for Yamada-Ota, Xue and
Tiwari-Das models by varying flow parameters have been
revealed in Table 4. The Nusselt number enhances due to
radiation parameter Rd and thermal Biot number 1 while
opposite results are associated to leading values of
Hartmann number M. The variation in Nusselt number is
slower for Tiwari-Das model. It has been noticed that
Yamada–Ota model incorporates peak higher numerical
values of Nusselt number as compared to Tiwari–Das and
Xue models. Such impressive increment can be attributed
to distinct formulation of the effective thermal conductivity
in Yamada–Ota model, which accounts the peak axial
conductivity and elongated cylindrical structure of CNTs.
The Yamada–Ota model attributes the anisotropic heat
transfer dynamic due to one-dimensional configuration of
carbon nanotubes. The tabular structure of carbon
nanotubes enhances the axial thermal conduction in base
material, leading to boosted thermal diffusion. 

6. Conclusions

Following observations are deduced from current analysis:
● The velocity profile gradually increases due to curvature

parameter. The improvement in velocity is more
prominent for Yamada-Ota model.

● Change in micro-rotation parameter, Casson fluid
parameter and micropolar fluid coefficient effectively
declined the velocity profile. 

Fig. 2. (Color online) (a-b) Variation of micro-rotation velocity g for (a)  (b) .
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● The heat transfer enhances with assumptions of
variable thermal conductivity, more progressively for
Yamada-Ota model.

● Change in Casson fluid parameter and radiation
constant increases the heat transfer impact. The
enhancement in thermal profile is slower for Tiwari-
Das model. Such results important for cooling
processes and heat control systems.

● A decrement in heat transfer is exhibited for curvature
parameter while increasing results are noted for
micropolar fluid constant. 

● The Nusselt number declined for Casson fluid
parameter, Hartmann number and variable thermal
conductivity coefficient. The depletion in Nusselt
number is lower for Tiwari-Das model.

● It has been further observed that the Yamada-Ota

Fig. 3. (Color online) (a-e) Variation of  for (a)  (b)  (c) , (d) Rd and (e) .
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Table 3. Numerical variation of Res
1/2Cf for Yamada-Ota, Xue and Tiwari-Das models.

  M  1 = 2 Yamada-Ota model Xue model Tiwari-Das model 

0.1 0.2 0.4 0.2 0.02 2.6787 2.6779 1.9954

0.3 2.6329 2.6326 1.9207

0.5 2.5786 2.5780 1.8893

0.7 2.5538 2.5529 1.8264

0.2 0.1 2.5901 2.5895 1.7965

0.5 2.6499 2.6483 1.8590

0.9 2.6970 2.6966 1.8720

1.3 2.7437 2.7431 1.8892

0.3 2.5175 2.5171 1.8136

0.7 2.4955 2.4953 1.7629

1.1 2.4681 2.4678 1.7254

1.5 2.4186 2.4183 1.6874

0.3 2.6639 2.6636 1.8620

0.5 2.6822 2.6820 1.8978

0.7 2.6984 2.6983 1.9354

0.9 2.7261 2.7258 1.9672

0.01 2.6935 2.6933 1.7821

0.03 2.7178 2.7173 1.8063

0.05 2.7265 2.7262 1.8142

0.07 2.7391 2.7388 1.8354

0.09 2.7607 2.7603 1.8457

Table 4. Numerical variation of Res
1/2Nus for Yamada-Ota, Xue-Model and Tiwari-Das models.

Rd M 1 = 2 1   Yamada-Ota model Xue model Tiwari-Das model 

0.1 0.4 0.02 0.4 0.6 0.8 1.7979 1.7769 0.7737

0.5 1.8567 1.8554 0.8503

0.9 1.9129 1.9120 0.9136

1.5 1.9845 1.9736 0.9856

0.6 0.1 1.6879 1.6867 0.7523

0.3 1.6542 1.6536 0.7328

0.5 1.6393 1.6387 0.7398

0.9 1.6158 1.5742 0.7284

0.01 1.8425 1.8412 0.6687

0.03 1.8620 1.8516 0.6985

0.05 1.8879 1.8673 0.7549

0.07 1.9345 1.9009 0.7928

0.3 1.7965 1.6875 0.6874

0.5 1.8582 1.7696 0.7254

0.7 1.8965 1.8608 0.7554

0.9 1.9353 1.8932 0.7950

0.1 1.7245 1.6854 0.71254

0.5 1.7374 1.6943 0.7354

1.1 1.7585 1.7357 0.7654

1.5 1.8032 1.7642 0.7985

0.3 1.8574 1.8245 0.8844

0.7 1.8157 1.7854 0.7685

1.1 1.7658 1.7425 0.7155

1.7 1.6785 1.7168 0.6792
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model shows more impressive thermal results as
compared to Tiwari-Das and Xue nanofluid models.

● The extension in this model can be suggested by
involving the shape features, bioconvection, entropy
generation and machine learning simulations. 
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